A recent article claims the Lorentz force law is incompatible with special relativity. The claim is false, and the "paradox" on which it is based was resolved many years ago.
In a recent article in this journal [1] , Mansuripur claims to present "incontrovertible theoretical evidence of the incompatibility of the Lorentz [force] law with the fundamental tenets of special relativity," and concludes that "the Lorentz law must be abandoned." His argument is based on the following thought experiment:
Consider an ideal magnetic dipole m = m 0x , a distance d from a point charge q, both of them at rest (Figure 1) . The torque on m is obviously zero. Now examine the same system from the perspective of an observer moving to the left at constant speed v. In this reference frame [2] the (moving) point charge generates electric and magnetic fields E(x, y, z, t) = q 4π 0 γ R 3 (xx + yŷ + (z − vt)ẑ) , (1) B(x, y, z, t) = q 4π 0 vγ c 2 R 3 (−yx + xŷ) ,
(γ ≡ 1/ 1 − (v/c) 2 , R ≡ x 2 + y 2 + γ 2 (z − vt) 2 ), and the (moving) magnetic dipole acquires an electric dipole moment [3]
The net torque on the electric/magnetic dipole is
(by Lorentz transformation, d = z = γ(z − vt); the magnetic contribution is zero, because B vanishes on the z axis). Apparently the torque on the dipole is zero in one inertial frame, but non-zero in another! Mansuripur concludes that the Lorentz force law (on which Eq. 4 is predicated) is inconsistent with special relativity. This "paradox" was resolved many years ago by Victor Namias [4] . He noted that the standard torque formulas (p × E and m × B) apply to dipoles at rest. Suppose we model the magnetic dipole as separated north and south poles. The "Lorentz force law" for a magnetic monopole q * reads [5] so the torque [6] (in the lab frame) on a moving dipole m = q * s is
Using the vector identity m
In view of Eq. 3,
According to Namias, then, Eq. 4 is simply in errorthere is a third term, which, it is easy to check, exactly cancels the offending torque. The net torque, correctly calculated, is zero in both reference frames [7] . Namias believed that his formula (Eq. 7) applies just as well to an "Ampère dipole" (an electric current loop) as it does to a "Gilbert dipole" (separated magnetic monopoles) [8] . He was almost right. As we have known since the 1960's, an Ampère dipole in an electric field carries "hidden" momentum [? ] ,
(This is in the rest frame of the dipole, but since in our case it is perpendicular to v, it is correct as well in the lab frame.) The hidden momentum is constant, because the charge is a fixed distance from the dipole; there is therefore no associated force. On the other hand, the hidden angular momentum,
is not constant (in the lab frame), because r is changing. In fact,
Torque is the rate of change of angular momentum:
where L o is the "overt" angular momentum (associated with actual rotation of the object), and L h is the "hidden" angular momentum (so called because it is not associated with any overt rotation of the object). If we pull the second term over to the left [10] :
It is this "effective" torque that Namias obtains in Eq. 7.
Physically dL h /dt is not a torque, but (the rate of change of) a piece of the angular momentum [11] . The torque itself is given (in the Ampère model) by Eq. 4; on the other hand, it is the "overt" torque that must vanish to resolve the paradox, since the dipole is not rotating [12] . In the Gilbert model the torque is given by Eq. 7, the total is zero, and the angular momentum is constant; in the Ampère model the torque is given by Eq. 4, and it accounts for the change in (hidden) angular momentum [13] . It is of interest to see exactly how this plays out in Mansuripur's formulation of the problem. He treats the dipole as magnetized medium, and calculates the torque directly from the Lorentz force law, without invoking p× E or m × B. In the proper frame, he takes
Now, M and P constitute an antisymmetric second-rank tensor; transforming to the lab frame we find
(16) According to the Lorentz law, the force density is
where ρ = −∇ · P is the bound charge density and J = ∂P/∂t + ∇ × M is the sum of the polarization current and the bound current density. Using Eqs. 1,2,15, and 16, we obtain
The net force on the dipole is
(19) Meanwhile, the torque density is
and the net torque on the dipole is
confirming Eq. 4. This is precisely the torque required to account for the increase in hidden angular momentum. What if we run Mansuripur's calculation for a dipole made out of magnetic monopoles? In that case there will be no hidden momentum to save the day. Well, the bound charge, bound current, and magnetization current are [14]
so the force density on the magnetic dipole (again invoking Eqs. 1, 2, 15, and 16) is
The total force is again zero, but this time so too is the torque density (n = r × f ), and hence the total torque. Conclusion. The resolution of Mansuripur's "paradox" depends on the model for the magnetic dipole:
• If it is a Gilbert dipole (made from magnetic monopoles), the third term in Namias' formula (Eq. 7) supplies the missing torque. In Mansuripur's formulation, in terms of a polarizable medium, it comes from a correct accounting of the bound charge/current (Eq. 22). The net torque is zero in the lab frame, just as it is in the proper frame.
• If it is an Ampère dipole (an electric current loop), the third term in Namias' equation is absent, and the torque on the dipole is not zero. It is, however, just right to account for the increasing hidden angular momentum in the dipole.
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